A drill string is a slender structure with nonlinear dynamics; it is an equipment used in the oil industry to drill rock in the search of oil and gas. The aim of this paper is to model the uncertainties related to the speed imposed at the top and uncertainties related to the bit-rock parameters, and to investigate how these uncertainties propagate throughout the system. The continuum system is linearized about the prestressed configuration, the finite-element model is applied to discretize the system, and then a reduced-order model is constructed using normal modes of the linearized system; only torsional and axial vibrations are considered in the analysis. A constant rotational speed is imposed at the top and a nonlinear bit-rock interaction acts at the bottom. A probabilistic approach is used to model the uncertainties and the Monte Carlo method is used to approximate the stochastic differential equations.
INTRODUCTION
The oil and gas industry has an expressive weight in the world economy. One important step involved in the exploitation of oil is the drilling process. In this sense, one should control the drill-string dynamics to avoid accidents and waste of resources. A general vibration perspective overview of the process of oil well rotary drilling can be found in the works of Spanos and co-workers [1, 2] .
The drill-string dynamics is complex and has many sources of uncertainties. There are uncertainties related to the model as well as to the parameters of the model; here, model refers to the structure model, fluid-structure interaction model, bit-rock interaction model, and so on. Computational models must take into account these uncertainties to improve their predictions.
There are few articles concerned with uncertainty quantification and stochastic analysis of the drill-string dynamics; in particular, we may cite [3] [4] [5] [6] [7] [8] . Spanos et al. [3] analyzed stochastic lateral forces at the bit. Kotsonis and Spanos [4] analyze a random weight-on-bit using a simple two degrees of freedom drill-string model. Ritto and co-workers proposed a probabilistic model for the bit-rock interaction model [5] using the nonparametric probabilistic approach [9, 10] . Then, they proposed a stochastic identification procedure to compute the dispersion parameter of the probabilistic model [6] . Later, they proposed a robust optimization problem to maximize the rate of penetration of the system without damaging it [7] . Finally, they analyzed a random weight-on-hook [8] .
Some computational models have been developed to analyze the coupling between two or three vibration directions (see, for instance, the works of Yigit and Christoforou [11] [12] [13] , or Khulief et al. [14] , and also Sampaio and co-workers [15, 16] ). A more complete model with coupled axial, torsional, and lateral vibrations has been devel-oped by Tucker and Wang [17] , where the Cosserat theory is applied, and by Ritto et al. [5] , where the nonlinear Timoshenko beam theory is applied.
The aim of this paper is to analyze the stochastic drill-string dynamics with uncertainty on the top speed and on the bit-rock parameters, and to investigate how these uncertainties propagate throughout the nonlinear dynamical model. In this paper, coupled axial and torsional displacements are considered in the analysis, and the bit-rock interaction model used is based on [18] , as done in [13, 14, 16] , for instance.
The paper is organized as follows. In Section 2 the deterministic model is depicted in detail. In Section 3 the probabilistic model is constructed for the uncertain parameters, using the maximum entropy principle. Finally, in Section 4 the numerical results are analyzed and in Section 5 concluding remarks are made.
DETERMINISTIC SYSTEM
In the present model only the axial and the torsional vibrations of the column are considered. In order to focus attention on the uncertainty analysis (which is the goal of this paper), the lateral vibrations are assumed to be sufficiently small. The equation of motion for the axial vibration is given by
where u is the axial displacement, ρ is the density of the column, A is the cross-sectional area, E is the elasticity modulus, f is the force per unit length, and f NL is related to nonlinear and coupling terms. The equation of motion for the torsional vibration is given by
where θ x is the angular rotation about the x-axis, I p is the cross sectional polar moment of inertia, G is the shear modulus, tor is the torque per unit length, and tor NL is related to nonlinear and coupling terms. In our modeling we assume finite strains, which consequently makes the equations of motion coupled and nonlinear. Therefore, it is easier to derive the nonlinear terms of the equations of motion applying the extended Hamilton principle. Defining the functional Π by
where U is the potential strain energy, T is the kinetic energy, and W is the work done by the nonconservative forces and any force not accounted for in the potential energy. The first variation of Π must vanish:
Some Definitions
Some definitions are necessary for the subsequent sections. Let X be a position in the initial configuration and x a position in the deformed configuration. The displacement field d = (u x , u y , u z ) written on the nondeformed configuration is given by (x − X):
The velocity field v is the material time derivative of the displacement field and is written as
where the material time derivative (d/dt) is denoted by a superposed dot. The stress-strain relationship (written in Voigt notation) is given by S = [D] , where S is the second Piola-Kirchhoff stress tensor S = (σ x , τ xy , τ xz ), is the Green-Lagrange strain tensor = ( x , 2 xy , 2 xz ), and
If finite strains are considered: 
Note that the strain tensor [E] might be derived using
, where [F ] = dx/dX is the deformation gradient tensor and [I] is the identity operator, or using
Finite-Element Discretization
The finite-element model is constructed using two-node elements with two degrees of freedom per node (axial displacement u and angular rotation θ x ). The finite-element approximation of the displacement fields are then written as u(ξ, t) = N u (ξ)u e (t) and θ x (ξ, t) = N θx (ξ)u e (t), where ξ = x/l e is the element coordinate, N are linear shape functions, and element displacement is
where exponent T means transposition.
Kinetic Energy
The kinetic energy is written as
where V is the region of integration and L is the length of the column. The polar moment of inertia is written as I p = A (y 2 + z 2 )dA, and the above expression was simplified by the approximation cos θ x ≈ 1 and sin θ x ≈ 0. The first variation of the kinetic energy, after integrating by parts in time, may be written as
which yields the constant mass matrix [M ] . The element mass matrix is written as:
Strain Energy
The strain energy is given by
Substituting the constitutive equation S = [D] and computing the first variation of the strain energy yield
Following the analysis done in [7] , the element stiffness matrix is written as
where the space derivative (d/dξ) is denoted by ( ). The element geometric stiffness matrix is written as
where
Gravity
The work done by gravity is written as
where g is the gravity acceleration. The variation of Eq. (17) gives
and the discretization by means of the finite-element method yields the force element vector
Bit-Rock Interaction
The bit-rock interaction couples the axial and torsional vibrations [13, 14, 16] ; the bit-rock forces are semi-empirical expressions that are added a posteriori to the model. The torque applied at the bit is given by:
where ω bit is the rotational speed of the bit, µ bit is a factor that depends on the bit cutting characteristics, α 1 and α 2 are constants that depend on the rock properties, and f bit (t) = f c + f a (t) is the weight-on-bit. The weight-on-bit is the sum of the initial (constant) reaction force at the bit f c and a variable force that is time-dependent f a (t). This variable force is modeled by harmonic force [19] , f a (t) = f 0 sin(ω 0 t) + 0.01f 0 , where the constant term on the right is added to avoid the possibility of bit bounce (not considered in the model). Note that this axial force does not depend on the response of the system, which makes the axial vibration much simpler than the torsional one.
Initial Prestressed Configuration
Before starting the rotation about the x axis, the column is put down through the channel until it reaches the soil. At this point, the forces acting on the structure are: the initial reaction force at the bit, the weight of the column, and the supporting force at the top. In this equilibrium configuration, the column is prestressed. Above the neutral point the structure is tensioned and below is compressed. If the reaction force increases, the neutral point moves up, increasing the length of the compressed part. To calculate the initial prestressed state, the column is clamped at the top and, consequently,
where f g is the force induced by the gravity and f c is the vector related to the initial reaction force at the bit
Final Computational Dynamical Model
After computing the prestressed configuration (Section 2.7), the resulting displacement is used to obtain [K g (u S )] (constant matrix). Finally, we assume small motions about this configuration; i.e.,
Introducing u = u − u S , the computational dynamical model can then be written as
in which [M ] and [K] are the mass and stiffness matrices. The proportional damping matrix
) (α and β are positive constants) is added a posteriori to the computational model. The initial conditions are defined by u 0 and v 0 . The force vector related to the bit-rock interaction (force and torque at the bit) is f bit and the imposed rotation at the top (Dirichlet boundary condition) is included in g, which is the source force (input energy).
Reduced Computational Model
To speed up the numerical simulations, the computational model is reduced projecting the nonlinear dynamical equation on a subspace spanned by an appropriated basis. In the present paper, the basis used is made up of suitable normal modes. The normal modes are constructed from the following generalized eigenvalue problem:
where φ i is the ith normal mode and ω i is the corresponding natural frequency. The reduced model is written as
in which q 0 and v 0 are the initial conditions and where [Φ] is the (m × n) real matrix composed of the n selected normal modes and
are the reduced matrices.
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PROBABILISTIC MODEL
The maximum entropy principle [20] is used to construct the probabilistic models for the uncertain parameters. This is, in the opinion of the authors, the best strategy to choose a probabilistic model (when data are limited). The resulting distribution obtained by the maximum entropy principle is always consistent with the information/constraints given about the random variable. If the information is consistent with the physics, then so are the obtained probability density functions. The parameters modeled as random variables are the parameters of the bit-rock interaction model [f c , µ bit , α 1 , α 2 ; see Eq. (20) ] and the imposed rotational speed at the top ω 0 . The reason to choose these parameters is that the parameters of the bit-rock interaction are hard to identify, and the top speed is the main driven force of the whole system; therefore, it is also a quantity of interest. In a real drilling operation, this speed might be different from its nominal value; it may vary, or it may be a little lower or upper, compared to its nominal value.
Let
The probability density functions of the random variables are obtained solving the following optimization problem:
where p * Y is the optimal probability density function such that
, and C p is the set of admissible probability density functions that respect the available information presented in the sequence. The Shannon entropy measure S is defined as [21] :
where supp is the support of the probability distribution. It should be noticed that if no information is known about the dependency among the random variables, the Maximum Entropy Principle yields independent random variables; which is the case of the present analysis. We will reason the available information for all of the random variables (Y ) the following way:
1. To keep the consistency with the formulation used, all the random variables should be positive (f c is a particular case, see the note below). Therefore, we consider the support ]0, +∞[.
2.
As an initial computational model, we will take the nominal parameters to be the mean of the random variables. Therefore, the mean value is given E{Y } = Y .
3. We would like the random variables to have small probabilities as Y approaches zero, since the probability of Y to be close to zero should be very small. To apply this condition we use E{ln(Y )} = |c| < +∞.
Note: the random variable Y 1 (related to f c ) is always positive, but the reaction force should be negative. As a trick, we consider (−Y 1 ) in the simulations; hence, the same reasoning applies. Note that we do not allow negative values for the rotation speed (ω 0 ) and for the bit-rock parameters (µ bit , α 1 , α 2 ) to be consistent with our formulation. Nevertheless, this was a choice, the support could be set more flexibly or differently, depending on how one reasons things. Thus, there is more than one way to reason the available information; for instance, if we only give the information of the supports [Y min , Y max ] (bounded support) this yields the uniform probability density function in this range. Applying the maximum entropy principle with the information given in the above list (and, of course, the normalization condition) yields the gamma probability density function with mean Y and coefficient of variation δ Y = σ Y /Y , where σ Y is the standard deviation of Y . Finally, verify that this random variable has finite variance, which makes sense from the physical point of view. In addition, this random variable verifies that the random torque at the bit T bit (t) and the random rotational speed of the bit Ω bit (t) are second-order random processes; i.e., they have finite variance, which makes sense from the physical point of view. As a final comment, this probabilistic model is not necessarily the best one; it is simply the least prejudice probabilistic model given the above constraints. Yet, we emphasize that the procedure of constructing a probabilistic model using the maximum entropy principle is preferable than just picking up an ad hoc probabilistic model; on the other hand, if data are available, there are other interesting strategies, such as adjusting the coefficient of a polynomial chaos expansion, Bayesian statistics, etc.
Finally, the deterministic system [Eq. (28)] becomes stochastic: 
||U(t, s j )||
2 dt, where n s is the number of Monte Carlo samplings.
NUMERICAL RESULTS
First the deterministic system is simulated and, then, each Y i is considered separately for δ Y i = {5%, 20%} (i = {1, 2, .., 5}) (see Section 3). The influence of each random parameter in the response of the system (axial and torsional displacements) is analyzed. Finally, all the random parameters are taken into account together. For the numerical integration in time, the explicit Runge-Kutta scheme of fourth-order and adapted time step was applied.
Typical values of a drill string are used: the 1600 m drill-string is composed of steel tubes (E = 200 GPa, ρ = 7850 kg/m 3 ). The first 1400 m are composed of tubes with external diameter 120 mm and internal diameter 9.5 mm; the last 200 m are composed of thicker tubes (bottom hole assembly) with external diameter 150 mm. The parameters of the bit-rock interaction model are f 0 = 50 kN, f c = −100 kN, α 1 = 2, α 2 = 1, and µ bit = 0.04 (data used in [14] ). The damping constants are α = 1 × 10 −1 and β = 8 × 10 −5 , and we set [C r (1, 1)] = 0, which means that there is no damping related to the axial rigid body mode. The column is discretized in 120 finite elements, and the reduced-order model is composed of 10 torsional and 2 axial modes (one is the rigid body mode).
Deterministic Response
In this section, we analyze the relevance of considering the prestressed state for this problem (Section 4.1.1), and we investigate how many axial and torsional modes are needed in the reduced-order model (Section 4.1.2). Tables 1 and 2 show a comparison of the torsional and axial natural frequencies of the system with and without the prestressed configuration. The percent errors of the natural frequencies are very small; a similar result is verified for the normal modes (small errors). The conclusion is that the prestressed configuration is not important for this problem (at least for the parameters used in the analysis). It happens that it affects considerably the lateral response, which is not taken into consideration in the present analysis. Despite this fact, the prestressed configuration is taken into account in the numerical analysis, since it does not increase the computational time.
Natural Frequencies

Reduced-Order Model
In the construction of the reduced-order model, the projection basis is generated by selected normal modes. To achieve convergence, the first axial mode and the 10 first torsional modes were chosen, after several tests. Figure 1 shows the frequency spectrum of the axial speed of the bit (rate of penetration). For the dynamics analyzed, only one axial mode (together with a rigid body mode) is necessary to get a good result; it should be noticed that in the axial direction the deterministic system is linear but the stochastic system is nonlinear due to the relation sin(Ω 0 ), where Ω 0 is the random variable related to the imposed top speed. Things are more complicated when the torsional vibration is analyzed because the bit-rock interaction is nonlinear. Figure 2 shows a comparison of the response of the rotational speed of the bit when one torsional mode is used and when 10 torsional modes are used in the reduced-order model. It is clear that one torsional mode is not sufficient to represent the dynamics of this system. Note also the stick-slip behavior of the response; i.e., sometimes the bit gets stuck (ω bit = 0), then it slips, with rotational speed varying from 0 to 300 rpm (the imposed nominal speed at the top is 100 rpm).
Stochastic Response
A careful analysis was carried out separately for each random variable and then together for all random variables. Figure 3 shows the convergence function for the Monte Carlo samplings with δ Yi = 0.20 (i = 1, 2, .., 5); a reasonable convergence is achieved with 400 samplings.
Analyzing the sensitivity of the bit angular speed for each case, a curious result is observed in which the random variables considered in the analysis affect the dispersion of the response (bit angular speed) in a similar manner: the It should be noted that the level of uncertainty of the random variables Y i (i = 1, 2, .., 5) was assumed to be δ = 0.05 or δ = 0.20. Actually, a stochastic inverse problem has to be performed to identify the dispersion level of each parameter of the system [for instance, we would expect the uncertainty related to the top speed (ω 0 ) to be smaller than the uncertainty of a bit-rock interaction parameter such as α 1 ]. The identification (which is a stochastic inverse problem) might be done, for example, using the maximum likelihood method [6] or using a Bayesian approach [23] .
We are mostly concerned with the torsional vibration of the column at the bit (bit angular speed); nevertheless, the bit axial speed (which is the rate of penetration) is also analyzed. It should be mentioned that for the model considered Fig. 7 shows the random frequency spectrum, where a broad band spectrum is observed.
Let us consider now that µ bit = 0.004 (the former bit-rock interaction used µ bit = 0.04). This new value can be interpreted as the column facing a softer soil, easier to be drilled. In this case, the bit angular speed presents a different behavior as shown in Fig. 8 , where three Monte Carlo samplings are drawn for the two different values of µ bit . When µ bit = 0.04 [former case, see Fig. 8(a) ], the response has many oscillations and the stick-slip phenomenon is observed for all of the three Monte Carlo samplings. On the other hand, when µ bit = 0.004 [see Fig. 8(b) ], the response has less oscillations. In addition, for some combination of the parameters there is stick-slip, and for others there is not.
If we define a stick-slip stability factor using the maximum and minimum values of the bit angular speed: ss = (ω bmax − ω bmin )/(ω bmax + ω bmin ), and a limit of ss max = 0.80. Then, we can compute the probability of stickslip to occur; i.e., the probability of ss to be greater than ss max . For example, the probability of stick-slip to occur when µ bit = 0.04 is 100%, and for µ bit = 0.004, the probability of stick-slip is 50%. If the probability of stick-slip occurrence was small, other techniques (such as subset simulations [24] ) should be used to accelerate the stochastic convergence, since many more samplings would be needed to achieve it.
CONCLUDING REMARKS
This paper has analyzed the nonlinear dynamics of a drill-string with uncertainties on the imposed speed and on the bit-rock parameters. The impact of these uncertainties on the dynamical response of the system has been investigated.
The continuum deterministic system is discretized by means of the finite-element method and a reduced-order model is constructed using the normal modes of the prestressed structure; only axial and torsional modes are included in the analysis. The results show that: (1) the initial prestressed configuration does not change significantly the natural frequencies and the normal modes of the structure; and (2) only two axial modes (one of which is a rigid body mode) and 10 torsional modes are necessary to represent the dynamics of the system, for the range of parameters analyzed.
Concerning the stochastic modeling, in the first step of the analysis, the parameters of the bit-rock interaction model, as well as the top speed, have been modeled with random variables and their probabilistic models have been constructed applying the maximum entropy principle. In the second step, the Monte Carlo method has been used to approximate the resulting stochastic differential equations.
The influence of each random variable on the system response is analyzed separately and also together, using different levels of uncertainty. Finally, the model has been used to compute the probability of occurrence of stickslip. Two different sets of parameters have been considered for the bit-rock interaction model. In the first set there has been a 100% probability of stick-slip, and in the second set there has been a 50% probability. From which, it can be concluded that, depending on the set of parameters of the system the sensitivity can be very high. In this sense, a careful identification procedure has to be done, such that the computational model can be used most effectively.
